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Abstract 

In this paper we introduce a new kind of hyperbolic geometric flows — dissipative 
hyperbolic geometric flow. This kind of flow is defined by a system of quasilinear 
wave equations with dissipative terms. Some interesting exact solutions arc given, 
in particular, a new concept — hyperbolic Ricci soliton is introduced and some of 
its geometric properties arc described. We also establish the short-time existence 
and uniqueness theorem for the dissipative hyperbolic geometric flow, and prove the 
nonlinear stability of the flow defined on the Euclidean space of dimension larger 
than 2. Wave character of the evolving metrics and curvatures is illustrated and the 
nonlinear wave equations satisfied by the curvatures are derived. 
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1 Introduction 



Let ^ be an n-dimensional complete Riemannian manifold with Riemannian metric giy 
The following evolution equation for the metric gij 

^ + 2i?.,+^.,(5,|)=0 (1.1) 

has been recently introduced and named as general version of hyperbolic geometric flow 
by Kong and Liu [8], where Rij is the corresponding Ricci curvature tensor and is a 
given smooth symmetric tensor on the Riemannian metric g and its first order derivative 
with respect to t. A special but important case is 

^9ij 



Q2, 



-2R,j. (1.2) 



dt^ 

Usually, we call (1.2) the standard hyperbolic geometric flow or simply hyperbolic geometric 
flow. (1.1) and (1.2) are two nonlinear systems of second order partial differential equations 
on the metric gij. 

For the hyperbolic geometric flow (1.2), some interesting exact solutions have been 
constructed by Kong and Liu [8]. Recently, Kong, Liu and Xu [9] have investigated the 
evolution of Riemann surfaces under the flow (1.2) and given some results on the global 
existence and blowup phenomenon of smooth solutions to the flow equation (1.2). In our 
paper [2], we prove the short-time existence for the hyperbolic geometric flow (1.2) and 
the nonlinear stability of the Euclidean space with dimension larger than 4. Moreover, 
we also study the wave character of the curvatures for the flow (1.2) and derive the 
equations satisfied by curvatures including the Riemannian curvature tensor Rijki, the 
Ricci curvature tensor Rij and the scalar curvature R. However, these evolution equations 
are quite complicated. In general, the solution of the hyperbolic geometric flow (1.2) may 
blowup in a finite time even for smooth initial data. 

Motivated by the well-developed theory of the dissipative hyperbolic equations, we 
introduce a new geometric analytical tool — dissipative hyperbolic geometric flow: 
^"^dij _ , n..pa^Sipdgjg f , , ^^,r,ad9pq\ dgi 



dt^ 

1 



n 



2...2...^%.-(..2...%.)^. 

(1.3) 

9ij 



^ dt dt dt 



where gij{t) stands for a family of Riemannian metrics defined on and d is a positive 
constant. The derivation of (1.3) is given in Section 6. Here we would like to point out that 
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the reason that we choose (1.3) as the equation form of dissipative hyperbohc geometric 
flow is that, in the case it possesses a simpler equation satisfied by the scalar curvature. 
Noting the dissipative property of (1.3), we expect that the dissipative hyperbolic geo- 
metric flow admits a global smooth solution (i.e., a family of Riemannian metrics) for all 
t > 0, and the solution (metrics) has some good or anticipant geometric properties for 
relatively general initial data in the case that the dissipative coefficient d is chosen to be 
suitably large. 

In the present paper we will focus on some basic properties enjoyed by the dissipative 
hyperbolic geometric flow. The ffi'st basic property is on the hyperbolic Ricci soliton. 
The hyperbolic Ricci soliton is a new concept which we introduce in this paper. We will 
prove that there does not exist steady gradient hyperbolic Ricci soliton with initial metric 
of positive average scalar curvature on n-dimensional compact manifold (where n > 3). 
Comparing with the traditional Ricci flow, here we need the assumption that the initial 
metric has non-negative average scalar curvature. If this assumption does not hold, then 
the question whether there exist steady gradient hyperbolic Ricci solitons still remains 
open. See Theorem 3.1 for the detail. 

The second fundamental property is the short-time existence and uniqueness theorem 
for the dissipative hyperbolic geometric flow. For compact manifolds, we can prove that 
the dissipative hyperbolic geometric flow always admits a unique smooth solution ( a fam- 
ily of Riemannian metrics) for smooth initial data. See Theorem 4.1. Notice that the 
dissipative hyperbolic geometric flow (1.3) is only weakly hyperbolic, since the symbol of 
the derivative oi E = E(gij) = —2Rij has zero eigenvectors in the natural coordinates. 
In order to reduce the nonlinear weakly hyperbolic partial differential equation (1.3) to 
a nonlinear symmetric system of strictly hyperbolic partial differential equations, we use 
harmonic coordinates introduced by DeTurck and Kazdan [5]. Then by the standard the- 
ory of symmetric hyperbolic system, we can prove the short-time existence and uniqueness 
theorem 4.1. 

The third property is the nonlinear stability. By the global existence theory of dissi- 
pative wave equations, we can prove the global nonlinear stability of the Euclidean space 

with n > 3. See Theorem 5.1 for the details. In the proof of nonlinear stability, the 
dissipative property of the flow (1.3) play an important role. 

The fourth fundamental property is the wave character of the curvatures. Since the 
dissipative hyperbolic geometric flow is described by a system of quasilinear wave equations 
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on the metrics gij{t,x), the wave property of the metric imphes the wave character of the 
curvatures. The equations will play an important role in the future study. See Section 6 
for the details. 

The paper is organized as follows. In Section 2, we introduce the dissipative hyperbolic 
geometric flow equation and give a useful lemma. In order to understand the basics of the 
dissipative hyperbolic geometric flow, we construct some exact solutions. These solutions 
may be useful in physics. In Section 3, we introduce the steady gradient hyperbolic Ricci 
soliton, and prove Theorem 3.1 — one of the main results in this paper. Section 4 is 
devoted to the short-time existence and uniqueness of the flow, while Section 5 is devoted 
to the global nonlinear stability of the Euclidean space M" with n > 3. The wave character 
of the curvatures is discussed in Section 6, and the nonlinear wave equations satisfied by 
the curvatures are also derived in this section. 



2 Dissipative hyperbolic geometric flow 



The dissipative hyperbolic geometric flow considered here is defined by the equation (1.3), 
namely, 



-2R^j + 2ff 



pqdgipdgjq 



dt dt 



dgpn\ dg, 



dt 



n — 1 



+ 



dpq 



(2.1) 



9ij 



dt J ' dt dt 

where gij{t) stands for a family of Riemannian metrics defined on and d is a positive 
constant. The reason that we choose (2.1) as the equation form of dissipative hyperbolic 
geometric flow is as follows: in this case the flow possesses a simpler equation satisfied by 
the scalar curvature. See the derivation of (2.1) in Section 6. 

We first establish some useful equations from the flow equation (2.1). Let 



u{x, t) 
v{x, t) 
w{x, t) 



dg 



dt ' 

2 



dt 



idgij dg, 



'kl 



dt dt ' 



^ik ii pq dgipdgjg dgki 
^ ^ ^ dt dt dt 



and denote the matrix 



G{x,t) 



dgiijk 

dt ^ 



(2.2) 
(2.3) 
(2.4) 

(2.5) 
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Then we have 



u{x, t) = trG{x, t), v{x, t) = trG'^{x, t), w{x, t) = trG^{x, t), 



(2.6) 



where trG stands for the trace of the matrix G. Thus by (2.1) we obtain 



du{x, t) 
dt 



and 

dv{x, t) 

dt 



d_ 

di 



dt 



dt dt 



d'^gij 
dt^ 



-d- 



dt dt 

dgij 1 
dt 



dgip dgj, 



+ 



-2R 



n 



n - 

2 2 
-u 



n — 1 



du 



pq^9pq_ 

dt 
1 

■ '( 

n — 1 



+ 



dt dt 

dgP'' dgp, 
dt dt 



2g 



pq dgpq dgij 
dt dt 



9ij 



2^9'\pqdgipdg 
dt ^ dt dt 



dt^ dt 



ir js pq '-'y^P ^9jq 99rs ^ 2g'^gP''^^ 



-2g"g''g' 
-2 (g 



dt dt dt 
dgrs\ dgip ' 



dt 



dt / dt 



d- 



dt 
4 + 



+ 



n 
2 



2Rip + 2g 



9ip + 



rs 99ir da 



ps 



dt 



dt dt 
1 



(2.7) 



n — 1 



uv — 2dv + 



n — 1 



n 



l\ dt dt 



9ip 



{21 



Theorem 2.1 For the dissipative hyperbolic geometric flow (2.1), the quantities u{x,t), 
v{x,t) and w{x,t) satisfy the following equations 



du{x, t) 
dt 



-2R 



n-2 

1 

n — 1 



-u — du 



1 



n — 1 



and 



dv{x, t) 
dt 



2w-Ag"'g^'^Rki-{A + ^-r)uv-2dv+ " 
dt 



n — 1 ' 



n — 1 



u 



i2S 



(2.10) 



In order to understand basically the dissipative hyperbolic geometric flow, in what 
follows we construct some exact solutions. 
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Consider the following Cauchy problem 



dgpq\ dgij_ 
dt 



1 



n — 1 



^ dt dt dt 



pg 



(2.11) 



gij{x,0) =gfjix), -^(x,0) = 



where g^j{x) is a Riemannian metric on the manifold and k^j{x) is a symmetric tensor 



on 



If we assume that the initial metric gfj{x) is Ricci flat, and the initial velocity k^j{x) 
vanishes, then easily see that gij{x, t) = g^j{x) is the unique smooth solution to the Cauchy 
problem (2.11). 

If we assume that the initial Riemannian metric is Einstein, that is to say, 



Rij{x, 0) = Xgij{x, 0), V X G 



where A is a constant. Furthermore, we suppose that 

-(x,0) = figij{x,0), 



dgij 



dt 



where ^ is an another constant. Let 



gij{x,t) = p{t)gij{x,0). 



By the definition of the Ricci tensor, we have 



Rij{x,t) = Rij{x,0) = Xgij{x,0), V a; G 



It follows from (2.13) and (2.14) that 



p(0) = l, p'{0) = fi. 



Substituting (2.14) into the evolution equation (2.1) gives the following ODE 

p"(t) = -dp'{t)-2X. 



The solution of (2.17) with the initial data (2.16) reads 



(2.12) 



(2.13) 



(2.14) 



(2.15) 



(2.16) 



(2.17) 



(2.18) 



It follows from (2.18) that 

Noting that d > 0, we distinguish the following three cases to discuss: 
Case I. A > 0. 

In this case, it follows from (2.18) that 

lim p{t) = — oo. 

t— >+oo 

Thus the evolving metric gij{x,t) shrinks homothetically to a point as t approaches some 
finite time T. 

Case II. A = 0. 

In the present situation, p{t) = 1 — ^(e"*^* ~ !)• If ^ < ~1) then the evolving metric 
gij{x,t) shrinks homothetically to a point as t approaches the time T = — ^ln(l + ^); If 
^ > — 1, then the metric gij{x,t) evolves smoothly and is positive defined for all time; If 
^ = —1, the metric gij{x,t) evolves smoothly and is positive defined for all time, but it 
shrinks homothetically to a point as t — s- +oo. 

Case III. A < 0. 

In this case, if /x < and p(Tq) < 0, where Tq = — ^In ^ 2X+dti ) ' ^^^n the evolving 
metric gij{x, t) shrinks homothetically to a point as t approaches some finite time not later 
than T. Otherwise, gij{x,t) is smooth and positive defined for all time. 

Summarizing the above argument leads to the following theorem. 

Theorem 2.2 For the Cauchy problem (2.11) of the dissipative hyperbolic geometric flow, 
suppose that the assumptions (2.12)-(2.13) are satisfied. Then, if one of the following 
conditions is satisfied, then the evolving metric gij{x,t) shrinks homothetically to a point 
as t approaches some finite time: 

(a) A > 0; 

(b) A = and p < —d; 

(c) A<0, ^.<0anrfp(iln(2^)) >0. 

For the other instances, gij{x,t) are smooth and positive defined for all time. In 
addition, if X = and p = —d < 0, the metric gij{x,t) evolves smoothly and is positively 
defined for all time, but it shrinks homothetically to a point as t ^ +oo. 
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3 Hyperbolic Ricci soliton 

The theory of sohton solutions plays an important role in the study of geometric analysis, 
in particular in the study of Ricci flow. In this section we first introduce a new concept 
— steady hyperbolic Ricci soliton for the flow (2.1), and then describe its properties. 

Definition 3.1 A solution to an evolution equation is called a steady soliton, if it evolves 
under a one-parameter subgroup of the symmetry group of the equation; A solution to the 
dissipative hyperbolic geometric flow (2.1) is called a steady hyperbolic Ricci soliton, if it 
moves by a one-parameter subgroup of the symmetry group of the equation (2.1). 

If is a one-parameter group of diffeomorphisms generated by a vector field V on 
then the hyperbolic Ricci soliton is given by 

gij{x,t) = iplgij{x,0) = gij{ipt{x),0). (3.1) 
{x, t) = S^vOij = m'^jV' + gjkViV'' ^ Tij (3.2) 

^V^VQij = 2,vTij 

Tij,ky^ + Tk,V^,+Tk^V^■ 

+(5fcpViyf + 5^pVfcyp)T^^^ 

(5*pVfcV,yP + gip^kViV^) + gkp{ViV^ ■ V^^p + V jV^ ■ ViV^) 

(3.3) 



It implies that 

and 

■^gij{x,t) = 
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where £y stands for the Lie derivative with respect to the vector field V. Thus, the 
equation (2.1) can be reduced to 

= -2Rij + 2gPi{g,kVpV'' + gpk'^^V''){gjlVy + ggiVjV') 

-2gP\gpkyqV'' + 5gfcVpV'=)(5^«V,y' + gjiVy) - dig.kV.V' + 5jfcV,y^) 



+ - 



1 



n — 1 
1 



g'^'igpkVqV' + g.kVpV' 



9ij 



n — 1 

We predigest it into the following 



g'"'g"'{9pk'^<iV'' + g.kypV'KgriVsV' + gsiVrV] 



9ij- 



(3.4) 



2Ri, + {gipVkVjVP + gJpVky^Vn 
2gP''g^kgjNpV''VgV' + gikVjV'ViV'' + <7jfcV,y'V,F'= 
-{d + AVkV^){gaVjV' + g.iVy) + -^^{^ ^Vf gij 



n 



J [gkig"'ypV''^qV' + VpF^V^y^'j gij. 



(3.5) 



If the vector field V is the gradient of a function / on then the soliton is called 
a steady gradient hyperbolic Ricci soliton. In what follows, we consider the steady 
gradient hyperbolic Ricci soliton. 

For the steady gradient hyperbolic Ricci soliton, the equation (3.5) becomes 

2Rij + {g^pVkVjVPf + 5,pVfcV,VP/) VV 
= 2gP'^g,kgjiVpV''fV,Vf + ^a-V.-V'/V^VV + ^ifcV.V'/V^VV 
-{d + 4VfcVV)(9i«V,v7 + gjiViVf) + -1^(V, VV)'5ij 



n 



J [gkig'"'ypy''f^yf + VpVVVgV^'/j gi, 



That is to say, 

i?ii + Vfc(ViV,/)vV = 2/5VpVi/V,V,/-((i + 4A/)V,V,/ 



+^{^ffgi, - -^{g'"g'''\7pVkfVgVif)g,,. (3.6) 
n — 1 n — 1 



Taking the trace on i and j yields 
iZ + Vfc(A/- VV) = 



2 r\2 



n — 3 



n — 1 n — 1 

Thus, the following theorem comes easily from (3.5)-(3.7). 



A/)2-d. A/. 



(3.7) 



Theorem 3.1 For the dissipative hyperbolic geometric flow, (3.5) and (3.6) are the evo- 
lution equations satisfied by the steady hyperbolic Ricci soliton and the steady gradient 
hyperbolic Ricci soliton, respectively. Furthermore, for an n-dimensional compact man- 
ifold with n > 3, if the average scalar curvature of the initial metric is non-negative, 
i.e., 

m ^ ^ : ; > 0, (3.8) 

then for the steady gradient hyperbolic Ricci soliton, the generating function f must satisfy 
the condition Hess{f) =0 on , i.e., f is a constant and the solution metric gij{x,t) = 
gij{x,0) is Ricci flat for all time t. In reverse, if the initial metric gij{x,0) is Ricci flat 
and the function f = constant, then it is obvious that the steady gradient hyperbolic Ricci 
soliton generated by f is a solution to the dissipative hyperbolic geometric flow. 



4 Short-time existence and uniqueness 

In this section, we reduce the dissipative hyperboUc geometric flow (2.1) to a symmetric 
hyperbohc system in the so-caUed harmonic coordinates (see [3]), then based on this, we 
prove the short-time existence and uniqueness theorem for the flow equation (2.1). 

Let gij{x,t) be a family of metrics on an n > 1 dimensional manifold We consider 
the space-time M x ^ equipped with the following Lorentzian metric 

ds'^ = -dt^ + gij{x, t)dx^dx^. (4.1) 

It follows from (3.4) in Dai, Kong and Liu [2] that 

dt'^ dt"^ ^ dx^dx^ \ dx^ dx^ 

+2g''9,&l + ||r^ 

+ [g^Ar 9^-^-1^ + 5..r.l,-,-^) , (4.2) 

where 

r'= ^ g'^V'lj. (4.3) 

Then the evolution equation (2.1) for the dissipative hyperbolic geometric flow can be 
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reduced to the following 



a 



dgij 



*J rfc 



+^ dt dt 



29 



+- 



n 



1 at n 



dt dt dt 
1 ,dgP''dg. 



(4.4) 



Similar to [4], we make use of the harmonic coordinates such that, for fixed time t, it 
holds that 

T^{x,t) = g^-^T^j = 0, when x is in an open neighborhood of point p € (4.5) 



Then the equation (4.4) can be written as 



5*2 



g 



dx^dx^ 



, dgki dgku 



(4.6) 



where 



Hij{gki, 



dgki dgki . 
dt ' dxP ■ 



^g ypg'- ik'- jl \ 9ikl- rs9 9 Q^j ^ gjk^ rs9 g 



.^nqdgipdgjg 

+^ dt dt 



2g' 



pq dgpq dgij 



dt dt 



d 



dgij 
dt 



+- 



1 



n 



1 



(4.7) 



dt ' n-V dt dt 

are homogenous quadratic with respect to and except the dissipative term d^^^ 
and rational with respect to gki with non-zero denominator det{gij) 7^ 0. By introducing 
the new unknowns gij, hij = gij,k = the system (4.6) can be transformed into 

a system of partial differential equations of first order 

dgij 



hij , 



g 



dt 

kl ' ^9ij,k 

dt 



g 



kl ^"-V 



^^ij _ ^,kl ^9ij,k 



- dt ^ dx'- 

In the class, the system (4.8) is equivalent to (4.6). It is easy to see that (4.8) is a 
quasilinear symmetric hyperbolic system, which can be rewritten as 



dx^ ' 
+ Hij. 



du 



du 



A\u)- = A^iu)— + Biu 



dxi 



(4.9) 
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where u = {gij,gij,k,hij)'^ is the —n{n + l){n + 2)-dimensional unknown vector function 
and the coefficient matrices ,A^,B are given by 



A°(m) = A^{gij,gij^k,hij) 



A^{u) = A\gki,gki,p, hki) 



/ 

/ / 











0^ 







9''I ■ 










y ^ 












gUlj 




■ ■ g'^'^I 
















'1 








•• 














■■ 













•• 













•• 





gjnj 





g^U 


.. 








where is the ^— n(n + 1)^ x ^— n(n + 1)^ zero matrix, / is the ^— n(n + 1)^ x ^— n(n + 1~ 
identity matrix, 



B{u) = B{gij,gij,p,hi 







in which is the —n?(n + l)-dimensional zero vector. 

By the theory of the symmetric hyperbohc system ( [5] , [6] ) , we can obtain the following 
theorem. 

Theorem 4.1 Let{^, g^,j{x)) be an n- dimensional compact Riemannian manifold. Then 
there exists a constant rj > such that the Cauchy problem (2.11) has a unique smooth 
solution gij(x,t) on .M x [0,r/]. 



Remark 4.1 Theorem 4-1 can also be proved in a manner similar to that in DeTurck (see 
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5 Nonlinear stability of Euclidean metrics 



This section is devoted to the nonhnear stabihty of the dissipative hyperbohc geometric 
flow (2.1) defined on the Euclidean space with the dimension larger than two. 

We consider the following Cauchy problem for the dissipative hyperbolic geometric 
flow (2.1), 



f ^ 



^ dt 



dt 



+- 



n 



9ij{x,0) 



.VQ ^ypq 
dt 

dgij 



+ 



dgP'i dg. 



pq 



dt dt 
(x.O) = egUx), 



dij-, 



(5.1) 



where g^j{x) and gjj{x) are given symmetric tensors defined on the Euclidean space M". 

Theorem 5.1 The flat metric gij = 5ij on the Euclidean space M" with n > 3 is globally 
nonlinearly stable with respect to the given tensor (^g^j{x), gjj{x)^ G Cg°(M"') , i.e., there 
exists a positive constant eo = eo {g^j{x) , g\j{x)^ > such that, for any e € (0, eo] , the 
initial value problem (4.1) admits a unique smooth solution gij{x,t) for all time t >0. 

Remark 5.1 For the standard hyperbolic geometric flow (1.2), we can only obtain the 
nonlinear stability of the Euclidean space M" with n > 5 (see J^). Under suitable assump- 
tions, similar results are true for general hyperbolic geometric flow (1.1). 

Proof of Theorem 5.1. Let the symmetric tensor hij on M" defined by 



hij{x,t) = gij{x,t) - 6i 



(5.2) 



and 5^^ be the inverse of 5ij. Then for small h, 



(5.3) 



where h^^ = S'^^d^^h^i and 0^^{h^) vanishes to the second order at /i = 0. Then the Cauchy 
problem (5.1) for the metric gij{x,t) is equivalent to the following initial value problem 
for the tensor hij{x,t) in the harmonic coordinates around the origin in M" 



^hi,{x,t) = {5^' + H^') 



V 



d^ 

)x^: 
dhii 



+ H.ij{6ki + hki 



dhki dhki. 



dx^x^ ' ' '^''^ dt ^ dxP 



(5.4) 



t = : hij{x,Qi) = eg° (3;), -^(rc,0) = eglj{x) 
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where Hij{6ki + hki, is defined in (4.7). Thus, the Cauchy problem (5.4) can be 

reduced to the fohowing 



: /iij(x,0) = eff° (x), -^i^.Q) = eglj{x), 



By the definition (4.7) and (5.2)-(5.3), we have 



/ _^ ^^gfc _ dhik \ ( dhbj _^ dhbi _ dhji \ 
\ dx'^ dx^ dx°- J \ dx^ dx^ dx^ J 

dhar _^ dhas dhrs\ ( dhpg 



dx^ dx"- J \ dx^ 
dhar ^ dhas dhrs\ ( dhpg 



dx^ dx^ dx°- J \ dx 

2 



(5.5) 



yi = K): nij[x,u) = eg-j[X), 

where 

H,J6,i + h,i, ^) = H'^^ + d^ + WASm + huu (5.6) 



\^ki^ab ( dhgj ^ dhgk _ dhik \ / dh^j ^ dhu _ dhji 
2 \ dx^ dx'- dx"- J \ dx'- dxi dx'' 

^ ^Pr^qs { ^^ir _^ dhis dhrs\ ( dhpg 



2 \ dx^ dx^ dx' J \ dxi 

\^pr^qs ( 9hjr _^ dhjs dhrs\ ( dhpg 



2 \ dx^ dx"^ dx^ J \ dx 

dt dt dt dt 



d'^h- 

0{\\hki\\ + WDhkiW + 11^11)2 + 0{\\hki\\ + WDhkiWf, (5.7) 

dx'^x^ 
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where 



Dhki = (- 



dt ' dxP 

and 1 1 • 1 1 stands for the norm with respect to the flat metric 6ij . 

By the theory of dissipative wave equations (see [10], [llj). we know that, for sufficiently 
smah e > 0, the Cauchy problem (5.5), i.e., (5.1), admits a unique smooth solution for all 
t > on M" with n > 3. The proof of Theorem 5.1 is completed. □ 

6 Wave character of curvatures — Derivation of dissipative 
hyperbolic geometric flow 

In this section, we will illustrate why we choose (2.1) as the equation of the dissipative 
hyperbolic geometric flow. Based on this we derive the nonlinear wave equations satis- 
fied by the curvatures. The results presented in this section show the wave character of 
curvatures. 

We first assume that the metrics on a manifold ^ evolve by the following equation 



^f{x,t) = -2Ri,{x,t) + Gij{x,t), (6.1) 



where 



dt ' ^'^ V dt dt , 
and the terms a, b, d, e, /, h are all constants determined below. Then direct calculation 
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gives 



r 



ik 



+ 



dgmi _ Ogji 



5*2 



5t2 
dHa^'Rik) 



dt dt 



+ Rijkl Q_^2 



9*2 



jik 



9*2 

^^R^k , M^dRik 



9*2 



+ 2 



g g- 



ik I jl 



9*2 



9* 9* 
+ 2 



ik 



ik ' 



9*2 



S^AyM , ^dgi^dRijki 



dt dt 



+ R 



'ijkl ' 



9_V 

9*2 



dt dt 



ik ji d'^Rjjki , ^dg^\dRji 
9 9 — 575 ^ ^^:-(" 



dg 



ik 



df^ 

ik^jl ^'^Rjjkl _|_ ^ 



5 9' 



9* ' dt 
dg'^ dR 



Rijkl) + 2 



9*2 



9* dt 



+2Rik -g''g 



Jr ks'-' 9r 



df^ 



dt 

Qgjl Qglk 

' dt dt 

ir ks pg^9pr' 



dg'" dRik 
dt dt 



+ 2i?ifc 



9*2 
92g^^- 



R. 



+ 2g"g''g 



ijkl 
'qs 



„d'^ Rijkl , ^dg'^dRik 



dt^ 



+ 4- 



9* dt 
dg^^ dg"^^ 



Rijkl + 



ir ks pqdgprdgqs 

dt dt 



Ag'^g'^g^ 



ikji^Rijid ^ ^dg^dRik 



g g- 



dt dt dt dt 

Rik — 2g" g^^{ — 2Rrs + Grs)Rik 

dg^^ dg"^^ 



-Rijkl + 



dt"^ ' ^ dt dt ~ dt dt 
^g^rgkSgpq^^^^J^^^ + 4|fficp - 2g'^ g'^ R.kGr 



(6.3) 



where 



\Ric\^ = g'^g^'R.Rki 

is the norm of Ricci curvature tensor Ric = Rik- In (6.3), we have made use of the 
evolution equation (6.1). 

We choose the normal coordinates around a fixed point p on the manifold ^ such that 



^%{p) = ( V i, j, fc), or equivalently, 



dgij 
dx^ 



(P) = 0, 



where F^- stand for the Christoffel symbols. By the computations (5.2)-(5.5) in [2], we get 



92 
9*2 



n .0 Rijkl 



92 



(d'gkA 



+ 



92 



dx^dx'- \ dt"^ 1 dx^dx^ \ dt"^ 



d'^gki 



92 



d'^9ji 
dx'^dx^ V 9*2 



1 

~2 
+2ft 



92 



/ d^gki \ 



92 



(d^gki\ 



92 



(d^gu\ 



dx^dx^ \ dt'^ J dx^dx^ \ dt"^ j dx^dx^ \ dt"^ j 



pq 



dt ^' dt dt dt 



(6.4) 
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Then it follows from (6.1) and (6.4) that 

52 



92 



dx'^dx^ 



{-2Rm) 



i-2Rki) 



dx''dx^ 
52 



dxWx^ 



{-2Rji) 
i-2Rii) 



dx'^dx^ 



92 



92 



Gki + 



dx'^dx^ 
92 



92 



kl 



dx^dx 
92 



OxWx'- OXJOX^ OXJOX" 

Similar to Hamilton [3, by Theorem 5.1 in [2] we have 



k'^ji 
Gil 



1 

2 
1 

~2 



52 92 ^2 

t; — — r( — 2Rki) H — — — ^( — 2Rki) — 7^ — — r( — 2RjA 
ox'^ox'- ox^ox^ ox^ox^ 



92 



dxWx^ 
d 



{—2Rki) + 



92 



dx^dx 



j{-2Rki) 



92 



dxWx^ 



^Rijki + 2 {Bijki 



dt dt dt J' dt 



Bijik — Biijk + Bikji) 



{RpjklRqi ~l~ RipklRqj ~l~ RijplRqk ~l~ RijkpRql) 



+29, 



pq 



d d ^ ^ 

_fp — r'' — — yi 

dt dt dt J' dt 



(6.5) 



(6.6) 



where Bijki = g^^ g'^^ RpiqjRrksi and A is the Laplacian with respect to the evolving metric. 
Combing (6.3), (6.5) and (6.6) and referring to the computations in Theorem 5.3 in 
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[2] leads to 



= A/? + 2|Ric|2 

^ ^ ^ dt 9t 

nJPfjkq ^gpq dRik ip rq sk^9pqdgrs_ 

^ dt dt ^^^'"^ ^ ^ dt dt 

a2 



+ \9'^9'' 

-\d''9'' 



dx^dx^ 
d^ 



Gki + 



d^ 



92 



dx^dxi^^'' dx'^dx^^^^ 



dx^dx^ 



Gki + 



d^ 



dx^dx^ dxidx^ 



92 



Gi, 



-'^9^^ 9^^ RikGr 



= Aii + 2|Ric|2 

+^9 9 9pq\g^i^aQ^^jk Qt^jiQt^ik 



_2g^kg,pgiqd9^d_^^^^^ 



dt dt 

_2g^Pgkq^9^^^ + m^^g'^g^'^g^'^^ 



dt dt 



ydx'^dx^ 

In the normal coordinates, we have 



Gki 



92 



dx^dx^ 



-G,i - 2g'''g''RikGrs. 



a^'g'' (j^Gkj - TT^G,] - 2g^^g^'R,kGrs 
ydx^dx'- dx^dx'^ / 

= g'^'g'' (ViViGkj + ViFf^Gpj + ViFf.Gpk) 
-2g''-g'''RikG 

rs 

= g'^g'KViViGkj - VjViGki) + 5''<7''V.rf,Gp, - g^'^g^'V jT^Gpi 

= g'^g^'iViViGkj - VjViGki) + g'^g^'R^^^fipk - 2g''- g'^' R^uGrs 
= g^'^g^'iViViGkj - VjViGki) - g'^g'^'RikGrs, 

where we have made use of the fohowing equality in the normal coordinates 

dVl 



Rl 



v T^ - v r^ 



(6.7) 



(6.8) 



and V/ means the covariant derivative in the direction In the normal coordinates, we 
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easily obtain 



dx^dt ~ dt dt ■ 

dx^dx^ dx'' dx^ 



Then, we have 



dt \dx^dx^ J dt dx^ dt dx^ dt dx^ •'^ dt dx^ 

This imphes that 

y (^9jp^ ^ d^9jp _ dgpg^ _ j.q dg^q ^ d^gjp 
dt ' dx^dt 'J dt dt dx^dt' 

VVf^l = ^ ( ^^9jp yqdgpg qdgjg ^r( d'^9jp -pg ^gpg 

* dt ' dx^^dx^dt dt dt ^ '^^dx^dt ''^ dt 

_-pr / d^grp _ pg ^gpg _ -pq ^ffrg x _ pr / ^^_9jr_ _ pg ^ffri; 

''^ 5t at ^ 'P^dx^dt dt 

^ a d'^gtj dVl-dgpq 9^%^" 
dt dx'^dx^ dx^ dt dx^ dt 



^^''dt dx^ ^^''dt dx^ 
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By the direct computations, we have 



dt dt 
dt dt 



)-5W''V,V,( 



ik jl pq 

g g-^ 5 



\7 \7 (^9jp.dgkq dgjp 
ViVz(— -)— — + ^^ViV«( 



dt ' dt 



dt dt 
dg-ip dgkq 
^"'^ dt dt 
dgkq 



dt 



+g'''g''g'"' 



ik jl pq 

-g 5 g 



dgip.dgkq dg 



dt 



dt ' 



dt 

dgkq 
dt 



+ 



ip 



dt 



dt 
dgkq 



dt 



) + VK^)V.( 



dt 



dt 



5 5r 



dt 
' dgip 
dt 



gkr 



dt dx 

ddvi 



k , dgjp 



dt 

9 drh 



,dgkq. 
dt ' 

dgkq - 
dt ' 



dt dt dx^ 



+ 



dgkq ^ d dV\^ dgkq 

" ~r , gpr 



d dV 



dt dxi 



+ 



dg.. 



ip 



9qr 



d dV 



dt dt dx^ 



dt dt dx^ 
dt dt dx^ 



ki j_ dgkq 

I n , gir 



+ 



dt dt dx^ 
dgkq d dTl 



dt 



'gpr 



dt dx^ 



+g^kgilgP'i 



d'^gjp d'^gkq ^ d'^gjp d'^gkq _ d'^gjp d^gkq _ d'^gip d'^gkq 
dtdx^ dtdx'- dtdx'- dtdx'^ dtdxi dtdx'- dtdx'- dtdx^ 



dgjp d dri 



dt dt dx^ 



gjigpq '^yjp ^ ^^iq _^ gikgji dgjp d dTl^ _^ c,*'^/'? 



dt dt 5x* 



dgkq d drl 
dt dt dx 



ip I gikg.iidgkq d d^ 
dt dt dx^ 



,jl,pq^_^^ j_ ikil^^^^ j_ Jl„pq^9kq^^ElP 



9' 9' 



dt dt dxi 



T+9 9-' 



dt dt dx^ 



+ g"9' 



dt dt dxi 



, gikgjidgkq d dTl 
dt dt dx^ 



+g''g''g'"' 



d'^gjp d'^gkq ^ d^gjp d'^gkq _ d'^gtp d^gkq _ d^gjp d^gkq 
dtdx'- dtdx^ dtdx^ dtdx^ dtdxi dtdx^ dtdx^ dtdx^ 



9 g- 



dt dt 



dt dt dx^ 



99kp d 2g'''g^^^ — ^ 



dt dt 



+g''g''g'" 



f d'^gjp d^gkq ^ d^gjp d^gkq _ ^d^gip_^gkq\ 
\ dtdx^ dtdx^ dtdx^ dtdx^ dtdx^ dtdx'- J 



dg'^ dRij dg'i d dV^- dg''' dg^' 



dt dt 



dt dt dx' 



gki- 



dt dt 



-Rij + 



Qglk Qgjl 

dt dt 



R 



■ijkl 



dt dt dx^ 



kl 



^gikgjigpq ( 9'^9jp d^gkq ^ d^gjp d'^gkq _ ^d^^^\ 
\ dtdx' dtdx' dtdx' dtdx' dtdx^ dtdx' J ' 



dt dt dx^ I 
(6.9) 



where we have made use of the fohowing equation 



g^'g'"' 



dgjp d dV'ig 
dt dt dx' 



g^kgjl 



dgki d dr^j 
dt dt dxP 



dTP 



dt dt 



ax* 

ik jl[ 



Ikl 



I d dr% 



dt dt dx' 
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Analogously, we obtain 



,dgpq OR dg^^ 
dt dt 



kr 



+9 9' 9 
On the other hand 



dt dt dt dx' dt dt dx' 

ikji^pq ( ^'^9pq 0'^9jk ^ d'^gpg d'^gjk _ ^^%c^^^9ik\ 
\ dtdx^ dtdx^ dtdx^ dtdx^ dtdxi dtdx^ J 



(6.10) 



^""9'' 9,v 



, dgjk . 
dt 

dt dx^ 



+ 9kp 



ddTl 



dt 3x* 



9'''9^^ I 9ip 



d dTl 



dt dx^ 



ki d ^T^^l 

+ 9kp 



dt dx^ 



9 



rk d dVji 

dt dx^ 



dt dx^ 



dt dx^ 



dt dxi 



dt dx^ 
9"'9- 



dt dx^ 



9'''^9,k 



9"'9''9'"9k,V.Vi{^) - g^'g^^g^^g^kV.Vii^^^'^^ 



dt ' 

(l-nyVV.V,(^) 
d dV- 



dt 



(1 - n)^''g^' 



kl 



dt dx^ 



+ 9ip 



dt 



,dgp 



9''9''y^yl (^(/^"^^"^^ 



(1 - n)<7^'/^/^V, Vz 



dt ' ^^'^ 

dgpq dgrs 
dt dt 

dgpq dgrs 



9ik 



9'' 9^9"" 9'''^ 3^1 



dgpq dgrs 
dt dt 



dt dt 



-(n-lWV^ 
-2(n-l)5-''5^V" 
-(n-1) 



. dgpq ^ dgrs , w w / d9rs . dgpq 



(6.11) 



(6.12) 



d dV 



dt 



9pi 



Iq 



dt dxi 



+ 9qi 



d ^^'ip\ , d^gpq d'^grs 



dt dx'j 



+ 



dtdx^ dtdx^ 



d dV 



Is 



+ 2g''a"'a" 



■s 

d^gpq d^g 

r 



dtdx^ dtdx'- 



(6.13) 
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g g- 



dt dt 



dt dt 



gik) 



(n-l)5^'/V'V,V 



dgpq dgr 



2{n - l)g^'gP'g'^' 



dt dt 

Jpg • 

dt ' dt 



v.vK%)% + v,( 



dgpq^^ ,dgr 



dt 



-)v 



dt 

d dT^ 



Is 



dt dt dx^ 



4(n-iyV' 



dgip d dV 



kl 



dt dt dx^ 



+ 2(n-lWV 



d'^gpr d^g 



qs 



dtdx^ dtdx^ 
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It follows from (6.7)-(6.14) that 



AR + 2\Ric\ 
+ 



dt dt 



dg'^dRik , 



dt 



dt dt 

Qglk Qgjl 

dt dt 
dR 
'dt 



R 



ijkl 



eg 



Jpq \2 



dt 



dt 



+ h- 



dt dt 



R 



+ 



(4(n-l)/i-2ayV^-^ 



(2a + 26) 



dt dt dx^ 

- (265^''%^ + 2(n - l)e + 4(n - 1)//"%^) g 
dTl dVl 



dg'^ d dT 
dt dt dx 

d dri; 



kp 



dt dx'' 



+ 



^g'^g'^gpr 



dt dt 



2g''g^'gpg 



dt dt 



^^gikgjigpq ( d'^djp d'^Okq ^ d'^gjp d'^gkq _ ^d^d^\ 
\ dtdx' dtdx'- dtdx'- dtdx^ dtdx^ dtdx^ J 

+bg'^g^^gP'^ 



\ dtdx^ dtdx^ dtdx^ dtdx^ dtdxi dtdx^ J 



-2(n - l)/*?^'/"/^ 
A/? + 2|iiicp 



dtdx^ dtdx'- 



+ 2(n - 1) 



■s d^9pr d'^g 



qs 



dtdxi dtdx^ 



'^dg^dRik _ ^dg'^ dg^^ 



dt dt 

dg'^ dRik , 

-2a— h a 

dt dt 



dt dt 

Qglk Qgjl 

dt dt 
eg 



Rijki + ^g''9''9^''^^Rik 

2agirgksgpqd9^9g^j^.^ 



Rijkl 

^gpc 
dt 



pq^9pq _^ ji^^pq 



dt dt 
m\2 j^^dgPi dgpq 



+ 



dt 

(2a + 26) 



dt dt 
dg^d_dT% 
dt dt dx' 



R 



'26/"^ + 2(n - l)e + 4(n - l)/^^''^) g 
+ (_26-2(?i-l)/-2)5W 



,kd_dTlp 
dt dx' 



Jk„ii„pq 9'^9ik d'^gji 
dtdxP dtdx'i 



+(26 + 8)5*'=5^'/« 



d'^gik d'^gpi 
dtdxi dtdx'i 



+ (2(n - l)h - 2a + 6) g'^g^^g^'' 



Ha - ^'a^'a^'^i^q + (« - 4),^'=,^-',-^^ 



In (6.15), if we take 
a = 2, 6 = -2, e 



0, / 



26 



dtdx^ dtdxi ' 



2a 



4(n - 1) 



n 



4(n - 1) 



n 



d'^gij d'^9ki 
dtdxP dtdxi 

(6.15) 



(6.16) 



23 



then we have 



AR + 2\mc\' + {d-2gP'^^)^ ^ 



dt dt n — 1 



iff 



dt 



+ 



dt dt 



R 



+ 



^ ^ ^ dtdxi dtdxi ^ ^ ^ dtdxP dtdxi 



dtdx'- dtdxi dtdx^ dtdxi 

In this case, the corresponding evolution equation reads 

d'^gij 



dt^ 



-2Rij + G 



where 



Gi 



pg dgip dgjg _ dgpg dgij dgij 

^ dt dt ^ dt dt dt + 



1 



n — 1 



( pq^9pq_.2 , (dgP^dgpg. 
dt ' ^ dt dt ' 



(6.17) 



(6.18) 



(6.19) 



9ij- 



Taking d = —d, we obtain from (6.18) and (6.19) that 



dt^ 



dt dt 



d + 2gPi^^ % 



dt / dt 



n — 1 



.nndgp 



9' 



dt 



+ 



dgPi dg 



pq 



dt dt 



(6.20) 



where d is a positive constant. Denoting d by d in (6.20) gives the evolution equation (2.1) 
for the dissipative hyperbolic geometric flow. 

Theorem 6.1 If we suppose that the evolution equation of the hyperbolic geometric flow 
is defined by (6.18)-(6.19) on a manifold ^ , then the scalar curvature of the evolving 
metrics satisfies the nonlinear wave equation (6.17) in the normal coordinates. 

Remark 6.1 If we take a = b = d = e = f = h = 0, i.e., Gij =0 in (6.1), then (6.1) is 
nothing but the standard hyperbolic geometric flow (1.2) (see J3j)- 

Remark 6.2 For the evolution equation (6.17) of the scalar curvature, the last term can 
be written in the covariant form as follow 



,.VVM4V,%^V,%i + 4V 



dgij dgki dgtj dgtp dgip dgn 



" dt ^'^ dt 



6Vi^V, 



dt dt 



dt dt 
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